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Abstract: The behavior of a simple computer model considering a random distribution of brittle
spherical particles in a ductile matrix is examined in order to highlight the intrinsic variations of the
fracture conditions due to the probabilistic nature of the particle cleavage. The model is qualitatively
supported by experimental data on stress-strain behavior and damage accumulation in an Al-Si alloy
with unconnected equiaxed Si particles. It is used to evaluate the effect of the particle failure statistics
on the fracture characteristics (strength, ductility, and fraction of cracked particles) and their scatter,
which occur to be strongly dependent on the specific shape of the probabilistic law. In particular, it is
found that the variations of the fracture conditions may depend non-monotonously on its sharpness,
in the case of the well-known Weibull statistics controlled by the value of the respective modulus
of the material of hard particles. The existence of a maximum scatter leads to a suggestion that the
choice of the reinforcements may influence not only on the average value of the fracture resistance
but also on the quality of its prediction.
Keywords: metal matrix composites; fracture; aluminum alloys; statistical model
1. Introduction
Damage accumulation and the fracture of crystals involve various physical processes and remain
one of the major problems of mechanical behavior of materials. Even for a pure polycrystalline material,
one can distinguish ductile and brittle fracture, voids growth, transgranular and intergranular failure,
shear band decohesion, crack nucleation due to twin interaction [1–5]. Non-homogeneous materials,
such as metal-matrix composites, envisage yet a larger spectrum of failure modes, including cleavage
of brittle particles embedded in a ductile matrix and matrix-particle decohesion [6–22].
The complexity and diversity of the pertinent physical processes, amplified by their dependence on
the specific microstructure, have led to the development of various approaches to theoretical modeling.
The fracture of brittle-ductile composites involves three main stages: void nucleation through particles
cleavage and/or particle-matrix debonding, void growth necessitating the understanding of a coupling
between plasticity and damage, and the final void coalescence leading to the ultimate fracture.
Therefore, its modeling inevitably requires the so-called “local approach” [2], based on the physical
mechanisms of the local damage and plastic flow as opposed to the global approach which describes
the fracture via macroscopic failure criteria such as fracture toughness (e.g., [23]). Starting from the
early theory of ductile rupture by void nucleation and growth [24], numerous efforts were made
for the elaboration of continuum theories both in an analytical and numerical framework, using
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micromechanics and phenomenological constitutive models [8,14–19,25–29]. This approach has largely
contributed to the description of the above processes, understanding the role of the stress triaxiality, and
prediction of the ductility and strength (see review [30]). In this framework, the numerical simulations
were mainly based on the “void cell computations” suggesting either periodic arrays of cells with
spherical particles or more complex (but also regular) arrangements including several families of cells
of different size, cells containing several voids, and variation of the voids shape [26–31]. On the other
hand, numerous experiments showed that the fracture of composites depend on the heterogeneous
distribution of particle sizes, shapes, and interparticle spacing, as well as the associated topology of
the second phase [6–13,16–22,32–34]. Models considering real particle arrangements made it possible
to examine the role of the material heterogeneity, in particular, the particles clustering and complex
interconnected topologies, as well as the statistical aspect of fracture [17,35–41]. The latter is majorly
based on the “weakest link” approach, i.e., on the probability of finding a microcrack of a critical
length which would develop into the macroscopic crack [42]. It is most often described by the Weibull
statistics that reflects the increase in the failure probability with the sample volume [43]. This concept
allowed to characterize the dispersion of the fracture parameters as functions of the variation of the
size, shape, aspect ratio, and spacing between particles (e.g., [44–47]).
One factor potentially affecting the fracture statistics however remains unstudied. More exactly,
the weakest link concept implies that the fracture conditions mainly depend on the distribution of
the longest preexisting cracks or the largest particles sensitive to be the first to fail. Nevertheless,
another inherent reason of stochastic behavior lies in the probabilistic nature of the particle fracture
itself, giving rise to variability of the failure stress even for identical particles. That is, when several
particles with the same size find themselves in identical stress conditions, the choice of the particle to
be cracked is haphazard and the development of the macroscopic crack may be realized via multiple
paths, leading to a dispersion of the fracture parameters. The present paper examines this question
using a deliberately simplified numerical model considering damage accumulation in a composite
material consisting of spherical brittle particles randomly embedded in a ductile matrix and having
randomly varied sizes. This simplification allows to isolate the studied factor and disregard the scatter
of the fracture parameters caused by such factors as the matrix grain structure, morphology and
topology of the second phase, or specimen geometry. The intrinsic stochasticity is introduced by the
use of random trials to accept or reject the particle cleavage controlled by a probabilistic law, while the
crack coalescence is handled by a deterministic energy-based criterion. Particular attention is paid to
the effect of the shape factor of the probabilistic law on the fracture conditions and their dispersion.
Experiments on a close-to-eutectic Al-Si alloy with spheroidized Si particles as the main second
phase were used for a qualitative comparison of the simulated stress-strain curves and evolution
of the fraction of cracked particles with experimental observations. The reason for the choice of
this alloy for mechanical tests was two-fold. On the one hand, both the mechanical properties and
microstructure of Al-Si alloys have been documented in the literature due to their wide applications
(e.g., [6–13,17–22,41,45]). On the other hand, it is known that heat treatment can efficiently transform
the interconnected coral-like Si phase characterizing the as-cast eutectic alloy into isolated particles
with close-to-spherical shape [9,32,48]. The latter feature provides an opportunity to deal with a model
of “structureless” material responding to the simulation conditions.
2. Materials and Methods
2.1. Experiment
In the present work, the same cast alloy AS12 was used as in [9]. Since the aim of the experiment was
to evaluate deformation behavior and damage accumulation in a generic model material composed of
virtually spherical hard particles in a ductile matrix, only several relevant aspects concerning the material
preparation and microstructure are provided below. More details can be found in [9,48]. The alloy
contained 11.4%–11.7% of silicon and less than 0.1% of Fe as the main impurity. The slightly hypoeutectic
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structure of such an alloy is composed of α-Al dendrites alloy and a coral-like three-dimensional
structure in the bulk of material, as revealed by deep etching of aluminum from the surface layers
(see [9], Figure 1). The supplied material was preprocessed by a heat treatment aimed at removing
casting defects (porosity) that may lead to an additional variability of the material toughness and
other mechanical properties. For this purpose, the samples were melted by direct solidification
(Bridgman method) in an argon atmosphere with a constant solidification rate of 10 cm/h−1 [48]. To
obtain spherical silicon particles, the samples were maintained at 560 ◦C for 10 days and quenched
in water. Compared to a shorter one-day long treatment in [9], the resulting material showed a
good reproducibility of mechanical properties, in particular, a high enough maximum elongation
corresponding to fracture strain ε > 10%, thus indicating stabilized α-Al matrix conditions [22,49].
Optical and electron microscopy were applied to evaluate the particles spheroidization. In addition, the
JEOL 2010 FEG electron microscope (JEOL USA, Inc., Peabody, MA, USA) equipped with a scanning
mode (STEM) and a standard software for particle analysis allowed to estimate that the resulting Si
particles had the aspect ratio about 1.5 and the diameter d varying in the range from several to 15 µm,
with the averaged equivalent diameter of approximately 10 µm. Only sparse isolated needles of the
intermetallic FeSiAl3 phase were found.
Flat specimens with a dog-bone shape and a 16 × 3 × 1.5 mm3 gage part were used for tensile tests.
Most of tests were performed at room temperature with a constant imposed strain rate,
.
εa = 10−4 s−1,
in an Instron-TT-CM-L deformation machine (Instron, Norwood, MA, USA) with the load resolution
of 0.1 N and an accuracy of 0.5%. Importantly, minute series of interrupted tests were realized on half
of the six tested specimens, which allowed to count the number of cracked particles at multiple strain
levels. For this purpose, the specimens were mirror-polished before testing. Optical microscopy (Carl
Zeiss, Jena, Germany) was applied to count cracked particles on the wide side of the gage part of the
deformed samples. The presence or absence of matrix-particle decohesion was also selectively verified
with the aid of STEM. The results of such control tests corroborated the data of optical microscopy
(cf. [9]). The interrupted tests made it possible to provide sufficient details of the damage accumulation
for the comparison with the model predictions. Finally, similar to [9], three specimens were deformed
at 300 ◦C in order to evaluate the conditions better responding to the approximations used in the
computer model described below.
2.2. Computer Model
The basic ingredients of the model were as follows:
• The specimen fracture included two processes: the accumulation of cracked particles and the final
coalescence of cracks. No void growth or particle-matrix decohesion was considered. As will be
further seen, this assumption agrees with the experimental data obtained at room temperature. It
is also corroborated by the literature data testifying that the sphericity of Si particles enhances the
resistance to decohesion at the Al/Si interface [41].
• Both the particle sizes and positions within the matrix were chosen randomly in order to highlight
the stochastic properties stemming from the probabilistic nature of the particle failure without
interference from a possible non-uniform repartition (clustering) of the reinforcement.
• The particle failure was considered to be a random event with the probability depending on the
stress on the particle. According to the experiment, no preexisting cracks were introduced. Thus,
the modeling of the particle cleavage was based on the assumption of a probabilistic rule and
consideration of the load transfer from the matrix to the reinforcement when the strain is increased.
• The criterion of crack connection was based on the requirement for the elastic energy stored around
two cracks to be enough to create two free surfaces in the matrix and assure the energy dissipation
by the plastic deformation accommodating the near-crack stresses. The model did not distinguish
explicitly the effects of the stress triaxiality, global or intervoid necking, or shear banding.
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The details of this scheme are presented below. To make the interpretation as simple as possible,
a quasi-two-dimensional model was explored in this work. Furthermore, although the model was
not supposed to reproduce behavior of a real material, the elastic and microstructure features of the
tested Al-Si alloy were used for convenience. Spherical particles were randomly embedded into a
squared plate with the surface area corresponding to the volume fraction of particles in Al-Si samples,
f 0 = 0.12, and thickness equal to the diameter dmax of the largest generated particle. The values of the
particle area were chosen randomly over an interval corresponding to d varying from approximately
2 to 15 µm, with the mean value of 10 µm. The number of particles was taken equal to 1000. This
choice was aimed at selecting the modeled section big enough to represent bulk material but small in
comparison with the typical size of real samples, thus corroborating the disregard of the stress/strain
heterogeneity at the global scale. The resulting sample size for the above-given f 0 and d corresponded
to a 1.5 × 1.5 mm2 area. The coordinates of the particles along the edges of the square were generated
using uniformly distributed random numbers.
The values of the elastic constants of the matrix and spheres used in the simulations correspond
to the data for Al and Si provided in Ref. [8], as presented in the Table 1. The table also provides
the estimates of the energy η necessary to create two free surfaces in the matrix or in a particle and,
therefore, form a crack in the corresponding material. For brittle spheres, it is simply twice the surface
energy of the material. In the case of the matrix, the estimate also includes the energy dissipated due
to plastic relaxation of stresses near the crack.
Table 1. Elastic constants for Al and Si and the energy dissipated upon crack formation.
Parameter Matrix Particles
Elastic constant, µ (GPa) 33 70
Poisson ratio, υ 0.33 0.22
Dissipated energy, η (J/m2) 14 6
The choice of the fracture statistics for different brittle materials is still an open question [38,50].
However, as the objective of the work was not to reproduce behavior of a specific material but to explore
statistical features of the fracture of a model composite material, the widely used Weibull statistic [43]
was applied to calculate the survival probability p(σ) of a particle subjected to stress σ. Accordingly, the
probability for a particle to remain unbroken at a given step of computation exponentially decreases
with the stress:
p(σ) = exp
{
−(σ/σc)m
}
, (1)
where the Weibull modulus m is a material characteristic and σc is a critical stress inversely proportional
to the square root of the particle radius. In the present study, no explicit threshold was introduced
to this expression (cf. [2], p. 433). At large m values, Equation (1) describes an almost step-wise
distribution function. It becomes wider as m is decreased. Therefore, the Weibull modulus, also called
“shape factor”, controls the variability of the failure strength of a particle. The smaller its value, the
greater the dispersion of the cleavage stress. The value of m can be as small as 2 to 5 for such brittle
materials as glass or chalk, varies about 10 for Si and Si-based ceramics, and may reach 100 for steels.
To model the effect of the brittleness of the second phase particles on the composite fracture resistance,
m was varied in the range of 6 to 100. The m values below 6 led to a very fast fracture and were
impractical for the given choice of other model parameters.
As the mean of the Weibull distribution slightly depends on m in the chosen interval, a linearized
version of statistics exempt of this flaw was also tested:
p(σ) = 1, σ < σc − δσ,
p(σ) = 0.5(1− σ− σc
δσ
), σc − δσ ≤ σ ≤ σc + δσ, (2)
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p(σ) = 0, σ > σc + δσ,
Here, the relative width of δσ/σc of the distribution plays the role of the inverse Weibull modulus.
It was varied from 0.05 to 0.5.
The stress σ is caused by the incompatibility of plastic strain between the matrix and the particle.
This difference must be compensated by an elastic stress, which is at the origin of the incompatibility
stresses. It was calculated using the model [51]. Accordingly, the total stress on the particle can be
expressed as follows:
σ(t) = σ0 + hε(t) + 2Dγµm f (t)ε(t), (3)
Here, σ0 is the elastic limit of the matrix, h the strain hardening coefficient, f (t) the current volume
fraction of the survived particles, ε(t) the strain, the subscript m indicates the matrix, γ is the strain
accommodation factor describing the load transfer from the matrix to the particle, and D the modulus
correction factor accounting for the elastic inhomogeneity. The elastic limit was varied between the
typical levels of 20 to 50 MPa. The strain hardening was taken either zero or 103 MPa. The estimates of
D and γ were taken from Ref. [51] for particles of different shapes. They can be found as follows in the
case of spherical symmetry:
γ = 0.05
7− 5νp
1− νp , (4)
D =
µp
µp − γ(µp − µm) , (5)
where the subscript p stands for the particles. It can be noted that the fracture of a particle results in a
decrease in f (t) and, therefore, a stress repartition, so that more stress is sustained by the matrix. At the
same time, it also leads to an opposite trend to a local stress increase due to a decrease in the effective
cross-section which transmits the load.
As far as the criterion of cracks connection is concerned, the total energy dissipated to create a
crack in the matrix is given by the effective surface density ηm represented in Table 1. The available
elastic energy depends on the stress intensity factor of two particles to be connected. The condition of
the matrix decohesion can be written as follows [8]:
1− ν2m
Em
(K2I1S
2
1 + K
2
I2S
2
2) = ηmdmaxL, (6)
where Em is the Young’s modulus of the matrix, KI = σ
√
pir and S = pir2 give the stress intensity and
the cross-section area for particles with respective radius values, r1 and r2, L the distance between
them. In the case when the connecting crack meets an uncracked particle, this condition is modified by
adding to the right part of the equation the respective energy necessary to cleave the particle, also
presented in the table (cf. experimental observation in [40], p. 2480).
Finally, the calculation procedure was based on an explicit iterative scheme. The strain ε is the
driving parameter. It is increased with a constant rate imitating a constant strain rate test. The strain is
supposed to be homogeneous, i.e., necking is neglected (see above). At each step, the stress σ(t) is
calculated using Equation (3) where f (t) stands for the value averaged over the specimen. The values
of σ in different cross-sections are calculated considering the area variation due to the presence of
cracked particles. A random number is generated for each particle and compared to the corresponding
p(σ) value (cf. Equations (1) and (2)). If the random number exceeds the survival probability, the
particle cleavage is accepted. When new cracks appear, the crack percolation criterion is checked for
the “nearest neighbors” in the sense of the highest stress intensity factor. In addition, this criterion is
applied to verify the condition of a crack opening towards the specimen edges.
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3. Results
3.1. Experimental Evaluation of Deformation and Damage Accumulation Behavior
An example of a deformation curve and a typical dependence of the fraction of cracked particles,
ϕ(ε) = 1 − f (ε)/f 0, at room temperature are presented in Figure 1a. The shape of the deformation
curve indicates that fracture takes place without necking, revealing its almost brittle nature. Indeed,
micrographs of the polished side surface showed that damage accumulation consisted in the cleavage
of silicon particles (Figure 1b). Even at the latest deformation stages, decohesion between the matrix
and the particles was observed very rarely. The final fracture was mainly represented by brittle
cleavage, with sparse ductile ligaments between cracked particles. A detailed microstructure analysis
goes beyond the aim of comparison with a generic model material and will be published elsewhere.
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At 300 ◦C, the material displayed more ductility and was defor ed at a lower stress level (Figure 2).
The highly ductile behavior is also evident fro the observation of a progressive decrease in the
applied stress toward zero after the onset of necking, without abrupt fracture, as contrasted with room
temperature behavior illustrated in Figure 1a. It might also be noted that as in [9], “spheroidized”
samples deformed at 300 ◦C displayed dimples on the fractured surface, as well as interface decohesion
between Al and Si phases, thus corroborating the ductile nature of the fracture and indicating an
important role of the local plastic deformation near Si particles because of a better matrix plasticity at
high temperature (see [9–11,20,21]).
Metals 2019, 9, x FOR PEER REVIEW 6 of 15 
 
where Em is th  Young’s modulus of th  matrix, rK I  and 
2rS   give the stress intensity 
and the cross-section area for particles with respective radius values, r1 and r2, L the distance between 
them. In the case when the connecting crack meets an uncracked particle, this condition is modified 
by adding to the right part of the equation the respective energy necessary to cleave the particle, also 
presented in the table (cf. experimental observation in [40], p. 2480). 
Finally, the calculation procedure was based on an explicit iterative scheme. The strain ε is the 
driving parameter. It is increased with a constant rate imitating a constant strain rate test. The strain 
is supposed to be homogeneous, i.e., necking is neglected (see above). At each step, the stress σ(t) is 
calculated using Equation (3) where f(t) stands for the value averaged over the specimen. The values 
of σ in different cross-sections are calculated considering the area variation due to the presence of 
cracked particles. A random number is generated for each particle and compared to the 
corresponding p(σ) value (cf. Equations (1) and (2)). If the random number exceeds the survival 
probability, the particle cleavage is accepted. When new cracks appear, the crack percolation criterion 
is checked for the “nearest neighbors” in the sense of the highest stress intensity factor. In addition, 
this criterion is applied to verify the condition of a crack opening towards the specimen edges. 
3. Results 
3.1. Experimental Evaluation of Deformation and Damage Accumulation Behavior 
An example of a deformation curve and a typical dependence of the fraction of cracked particles, 
φ(ε) = 1 − f()/f0, at room temperature are presented in Figure 1a. The shape of the deformation curve 
indicates that fracture takes place without necking, revealing its almost brittle nature. Indeed, 
micrographs of the polished side surface showed that damage accumulation consisted in the cleavage 
of silicon particles (Figure 1b). Even at the latest deformation stages, decohesion between the matrix 
and the particles was observed very rarely. The final fracture was mainly represented by brittle 
cleavage, with sparse ductile ligaments between cracked particles. A detailed microstructure analysis 
goes beyond the aim of comparison with a generic model material and will be published elsewhere. 
t 00 ° , the aterial displayed more duct lity and was deformed t a lower stress l vel (Figur  
2). T e ighly ductil  behavior is also evident from the observation of a progre sive decrease in t  
lie  stre s toward zero after the onset of necking, without abrupt fracture, as contrasted with 
room temperature behavior illustrated in Figure 1a. It might also be noted that as in [9], 
“spheroidized” samples deformed at 300 °C displayed dimples on the fractured surface, as w ll as 
in erface decohesion between Al and Si phases, thus corroborating the ductile nature of the fracture 
and indicating an important role of the local plastic deformation near Si particl s because of a better 
matrix plasticity at high temperature (see [9–11,20,21]). 
 
Figure 2. Example of a deformation curve at 300 °C. 
It follows from this comparison that the above-proposed model would apply to room 
temperature, whereas decohesion between the matrix and reinforcements should be taken into 
account to model behavior at elevated temperatures. Accordingly, the interrupted tests aimed at 
Figure 2. Example of a deformation curve at 300 ◦C.
Metals 2019, 9, 633 7 of 15
It follows from this comparison that the above-proposed model would apply to room temperature,
whereas decohesion between the matrix and reinforcements should be taken into account to model
behavior at elevated temperatures. Accordingly, the interrupted tests aimed at following the damage
evolution were performed at room temperature. For all samples, the fraction of cracked particles
followed a sigmoid function, as illustrated by the example shown in Figure 1a. Although such data are
rather sparse in the literature, similar dependences for spherical particles were reported in several
papers, e.g., for Al-based composites reinforced with ceramic particles [37,40].
3.2. Results of Simulation
Figure 3a presents examples of simulated σ(ε) and ϕ(ε) dependences for m = 8, a value typical of
Si [50,52]. Since plastic flow was simulated using a simplified law (Equation (3)), in particular, assuming
a constant strain hardening, the model was not aimed at predicting the shape of the deformation curves
and the absolute strength value. However, it correctly reproduces the feature that the stress increases
until fracture despite the failure of a part of hard particles. It can be concluded that the corresponding
reduction of the specimen cross-section is low enough, owing to the fact that the matrix-particle
decohesion is not allowed, according to room temperature tests. Importantly, the ϕ(ε)-curve displays a
sigmoid shape similar to the curves reconstructed experimentally. Figure 3b illustrates a spatial pattern
of cracked and surviving particles and the final catastrophic crack. Overall, it can be recognized that the
model captures the characteristic features of experimental observations for the Al-Si alloy, including the
brittle character of fracture, the mode of damage accumulation and the behavior of strain dependences
of deformation and fracture parameters (cf. Figure 1). This comparison justifies the further use of the
model for a statistical study of deformation and fracture of non-homogeneous materials.
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fracture behavior. Close-to-normal distributions were also found for some choices of the model 
parameters (Figure 4d). A systematic study of the shapes of histograms of various fracture parameters 
and their dependences on the probabilistic law goes beyond the scope of this paper. The analysis 
described below made use of the insignificance of the deviation from normal distributions to mimic 
the practical assessment of the material quality and evaluate the effects of m (or σ) on the mean 
values and dispersions of the σr, the ductility r, and the fraction of cracked particles at rupture, r, as 
well as their mutual correlations. 
i re . ti a e. ti tr i
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Figure 4a–c illustrates the statistical distributions of the tensile strength σr for three values of .
The exa ples testify that the histogra s often sho a slight left- ing asy etry so e hat varying
ith . Such an asy etry as reported in experi ental investigations (e.g., [38]) and also testifies
that despite the pheno enological character of the model, it correctly reproduces salient features
of fracture behavior. Close-to-normal distributions were also found for some choices of the odel
para eters (Figure 4d). syste atic study of the shapes of histogra s of various fracture para eters
and their dependences on the probabilistic la goes beyond the scope of this paper. The analysis
described belo ade use of the insignificance of the deviation fro nor al distributions to i ic
the practical assessment of the material quality and evaluate the effects of m (or δσ) on the mean values
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and dispersions of the σr, the ductility εr, and the fraction of cracked particles at rupture, ϕr, as well as
their mutual correlations.
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Intuitively, it could be suggested that as far as the probability of a particle cleavage for a given σ
< σc decreases when m is increased (δσ decreased), σr and εr must become higher, while ϕr and the
dispersions of all parameters, ∆σr, ∆εr, and ∆ϕr, are likely to be reduced. Indeed, if m is increased,
the failure of particles starts at a higher stress level so that the criterion of Equation (6) is rapidly
accomplished as soon as a few particles have been cracked. Nevertheless, the numerical simulations
showed that behaviors of ∆σr and ∆εr do not follow this intuitive prediction in the whole range of m
or δσ. The results of simulation illustrating the typical behavior of fracture parameters are presented
in Figure 5 for both the Weibull and linearized laws.
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Figure 5. Simulated effects of the shape factors of the particle survival laws. Left column: results of
calculation for the Weibull statistics with the shape factor m. Right column: dependences on the inverse
value of the shape factor δσ/σc for the linearized failure statistics. (a,a’) Mean value and dispersion
of the fracture stress. (b,b’) Similar data for strain. (c,c’) Data for the fraction of cracked particles.
In each chart, empty circles stand for the mean value of the studied quantity and filled circles trace
its dispersion.
The data of Figure 5 testify that dispersions of the fracture stress and strain may behave
non-monotonously. Moreover, the behavior may depend on the choice of the particle failure statistics.
Whereas the ∆σr(m)-dependence displays a maximum, ∆σr(σc/δσ) decreases monotonously. On the
contrary, ∆εr has a maximum as a function of δσ but behaves roughly monotonously with m. This
result is essential for understanding that fracture emerges differently, depending on whether a large or
a small part of particles is fractured before the occurrence of the conditions for a catastrophic crack.
Let us first consider the case of the Weibull statistics. It can be seen from Figure 5b that the
intuitive behavior of ∆σr(m), i.e., a descending curve, corresponds to small ϕ values in an interval of
high m. The counterintuitive dependence is associated with the fast growth of ϕ when m is decreased.
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For example, ϕ is as high as 80% of the total number of particles for the smallest m (Figure 5c). These
results can be explained considering the conditions at which the crack coalescence criterion is fulfilled.
The dispersion of the fracture stress is due to the distributions of the particle sizes and spatial positions,
which give rise to a dispersion of sizes and positions of cracks. If the number of particles is large
enough, the random number generator fills the specimen with particles in a relatively uniform manner.
Therefore, in the limit of high ϕ values, Equation (6) can be simultaneously verified in numerous
sites in the specimen and there would be many possible trajectories for the crack coalescence. Thus,
whenever the threshold stress for the crack coalescence is reached, the probability to find a «weak» path
in the system of cracks will be similar for each calculation run. Indeed, this reasoning was corroborated
by the observation of more than one catastrophic crack in the calculation runs when many particles
were cleaved before reaching the coalescence condition. As a result, the smaller m, the greater ϕ and
smaller ∆σr. Were the specimen infinite, the stress dispersion would vanish in such a simple model.
In the finite specimen, fluctuations in the particle distribution can lead to an appearance of a crack
“percolation” path at smaller stresses, and the stress dispersion would always be finite.
In contrast to the case of Weibull statistics, the part of fractured particles only attains 20% for
the least inversed value of δσ in the simulations with the linear failure statistics (Figure 4c’). An
explanation of this difference can stem from the fact that the particle failure probability is exactly
zero below σ = σc − δσ, i.e., the linearized law contains a significant intrinsic threshold. Since there
are fewer cracks, the conditions to find a percolation path are essentially modified and the behavior
of the studied fracture parameters appears to be qualitatively different. For example, whereas ∆σr
gradually decreases when the fracture statistics is taken sharper (δσ is decreased), ∆εr displays a
non-monotonous course. It is likely that the reason of the reduction in ∆εr in the limit of high δσ,
occurring despite the decrease in the sharpness of the structure statistics, is also due to the existence of
numerous crack percolation paths at high enough ϕ. However, such an effect is not manifested in the
stress dispersion, most likely, because of the step-wise stress dependence of the failure probability.
The role of the particle cleavage statistics can also be highlighted by the analysis of correlations
between various fracture parameters. In consistence with the above scenario, examples of Figure 6 bear
witness to strong correlations at small m values, i.e., when the final catastrophic crack occurs in the
material with multiple broken particles. When m is increased and fewer cracks are present, the failure
becomes more casual. Therefore, the correlation degrades and gradually disappears. The correlation
was also found to be much less pronounced in the case of the linear survival probability, even at large
δσ.
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The dependences in Figure 6 allow for some quantitative corollaries. Since all particles would be
fractured at infinite strain so that ϕmust tend to unity with increasing strain, a functional dependence
can be searched for theϕr(εr)-curve in the form 1−ϕr ∝ ε−βr . Averaging the data of Figure 6a in narrow
intervals and replotting the average values in the double logarithmic coordinates testify that indeed,
the obtained dependence is linear, i.e., obeys a scaling law in a notable interval of not very small εr
(Figure 7a). Similar behaviors were found for other choices of m ≤ 10 characterized by a significant
data scatter that made possible such verifications. Furthermore, as the strain hardening is strongly
reduced when all particles are fractured, fracture stress can also be supposed to tend to some level,
σ*, at infinite εr. This limit can be evaluated by extrapolating the corresponding dependences to zero
inverse strain. Using the as-obtained σ*, it was found that the σr(εr)-dependences also agree with the
existence of a scaling function, σ ∗ −σr ∝ ε−τr (Figure 7b).
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of their slopes render the power-law exponent β about 6 for m = 6 and 5 for m = 8 and m = 10. (b)
Similar plots for σr(εr)-data. The corresponding slope τ varies around 5.
4. Discussion and Conclusions
The paper considers a simple phenomenological model of failure of a generic “structureless”
material composed of spherical brittle particles embedded in a ductile matrix (The inte est of such
simple mi rostructures i far from e ng purely academic. For example, recent studies of interconnected
systems showed that the local loss of connectivity of the second phase allows for plastic deformation
accommoda ing overstre ses gener ed by the damage and, heref re, may increase the material
ductility [20]), desig ed to highlight its intrinsic tochastic properties caused by the probabilistic nature
of th particles cleavage. More specifically, the probabilis ic laws, either the Weibull statistic or a
lin arized rule, are not appli d to th entire sample, based on the weakest-link concept [2,43], but
to the brit le particles themselves. This appro ch takes into consideration the fact that th choice of
the cracks’ coalescence path is not unique because the particles do not break at a well-defined local
stress. The comparison of the simulation results with the deformation curves and the evolution of the
fraction of broken Si particles in an Al-Si alloy d formed at room tempera ure t stifies that the model
correctly captures qualitative featu es of fractu e of uch composites in the conditions c rresponding to
n ar-brittle behavior. In particular, detailed interrup ed tests allowed to los ly follow in the experiment
the amage accumulation as a function of pl st c strain. The results clearly showed a sigmoid shape
of th function describing the evolution of the n ber of cracked particles in the alloy used in this
work. Similar behavior was earli r reported in the literature for spherical reinforc ments (e.g., [37,40]),
although dependences distinct from the sigmoid shape were also observed [34,45]. Importantly, such a
shape n turally o curs in th studied model as a direct consequence of the probabilistic rule controlling
the particles cleavage.
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The model is then used to predict statistical properties of fracture using the Weibull and the
linearized statistics of particle survival. One of the major simulation results is that the choice of
the material of the reinforcement may strongly influence on the scatter of fracture parameters and,
therefore, predictability of failure of real composite. Using the Weibull probabilistic law for particle
failure, a low dispersion of the material strength was found in two opposite limits. In the case of a large
volume fraction of broken particles (low Weibull modulus), the energy criterion of crack coalescence
is accomplished in many sites in the specimen. The fracture stress is similar in different runs and its
scatter is low. In the opposite case of a small fraction of broken particles (high Weibull modulus),
the dispersion is also low because the stress grows rapidly, so that the energy criterion is satisfied in
a narrow stress interval after a few cracks have appeared. The dispersion of the fracture stress can
display a maximum in an intermediate range of the sharpness of the particle failure statistics. It should
be noted that such a reasoning must be used with caution in the high-m limit (“soft” reinforcements)
because the model does not consider plastic relaxation processes explicitly. However, the prediction
using typical parameters for Al and Si suggests that a maximum may occur in practice for composites
with certain combinations of the soft matrix and hard reinforcements. In particular, it may be supposed
that the poor reliability of Al-Si composites, often ascribed to the foundry technology imperfectness,
such as porosity, may also have a fundamental cause stemming from the fracture statistics. It should
however be remarked that the simulations realized in this work do not attest the non-monotonous
dependences of scatter on the shape factor of the probabilistic law as a basic feature of the composite
fracture. Indeed, the maximum can be suppressed by choosing such mechanical parameters that the
stress would rapidly reach high values for the given (not necessarily high) value of m, so that a crack
percolation path would be found for small enough ϕ. Overall, the results of simulation suggest a
possible need of materials selection to search for optimum matrix/reinforcement combinations.
The application of the alternative statistics of particle survival, based on a piecewise linear function,
demonstrated that although the basic processes are qualitatively the same in two considered cases, the
assumption of a specific probabilistic law may be crucial for the quantitative predictions of the fracture
statistics because of the different rates of damage accumulation. Indeed, a monotonous dependence
of strength on the shape factor of the probabilistic law was found in this case. At the same time, a
maximum occurred in the similar dependence for the fracture strain.
Strong correlations between fracture parameters were found in the practically meaningful case of
relatively low values of the Weibull modulus (m ≤ 10). Moreover, the simulation results testify to the
existence of scaling laws relating various fracture parameters. These relationships deserve detailed
investigations in view of the prediction of fracture of particle-strengthened materials, in particular, for
different particle failure statistics. It must be underlined that such a simple model cannot predict real
behaviors. However, the results of the quantitative analysis attract attention to additional avenues to
be explored.
In summary, although an experimental justification of the statistical predictions would be highly
laborious, the observed features of the phenomenological model allow to identify methods of their
verification in the framework of more realistic models of material plasticity and fracture. Notably,
a systematic study of the shapes of histograms of fracture parameters is of great interest.
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